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We present results of the one-loop corrections originating from the penguin diagrams for the improved staggered 
fermion operators constructed using various fat links such as Fat7, Fat7+Lepage, Fat7, HYP (I) and HYP (II). 
The main results include the diagonal/off-diagonal mixing coefficients and the matching formula between the 
continuum and lattice operators. 



1. INTRODUCTION 

The low energy effective Hamiltonian of the 
standard model includes AS — 1 four-fermion 
operators with corresponding Wilson coefficients, 
which contains all the short-distance physics. The 
low energy effects of the electroweak and strong 
interactions can be expressed in terms of ma- 
trix elements of the four-fermion operators be- 
tween hadronic states. Lattice QCD is well- 
suited to calculate these matrix elements non- 
perturbatively at low energy. One essential step 
in using lattice QCD is to find the relationship be- 
tween the continuum and lattice operators, which 
is often called "matching formula". There are 
two classes of Feynman diagrams at the one-loop 
level: (1) current-current diagrams and (2) pen- 
guin diagrams. At the one loop level, it is possible 
to treat the penguin contribution and the current- 
current contribution separately. In the case of the 
current-current diagrams, the matching formula 
at the one-loop level is given in £Q. 

Here, we focus on penguin diagrams in which 
one of the quarks in the four-fermion operator is 
contracted with one of the anti-quarks to form a 
closed loop. Hence, the main goal is to calculate 
the penguin diagrams for improved staggered op- 
erators constructed using various fat links and to 
provide the corresponding matching formula. 

Here, we adopt the same notation and Feyn- 
man rules outlined in £Q. 
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2. PENGUIN DIAGRAMS 

Here, we study penguin diagrams. On the lat- 
tice, the gauge non-invariant four fermion oper- 
ators such as Landau gauge operators mix with 
lower dimension operators, which are gauge non- 
invariant 2 . It is required to subtract these 
contributions non-perturbatively. However, it is 
significantly harder to extract the divergent mix- 
ing coefficients in a completely non-perturbative 
way. Therefore, it is impractical to use gauge 
non-invariant operators for the numerical study 
of the CP violations. Hence, it is prerequisite 
to use gauge invariant operators in order to avoid 
unwanted mixing with lower dimension operators. 
For this reason, we choose gauge invariant oper- 
ators in this study. 

In the staggered fermion formalism, there are 
four penguin diagrams at the one loop level as 
shown in Fig. ^ These diagrams allow mix- 
ing with lower dimension operators as well as 
four fermion operators of the same dimension or 
higher. The mixing coefficients with lower dimen- 
sion operators are divergent (i.e. proportional to 
inverse power of the lattice spacing). The per- 
turbation is, however, not reliable with divergent 
coefficients. Hence, we must use non-perturbative 
method to determine them and subtract away the 
lower dimension operators. In the case of mixing 
with operators of the same dimension, the per- 
turbation is expected to be reliable as long as 
the size of one-loop correction is small enough, 
which can be achieved by using improved stag- 
gered fermions. 

In Fig. diagrams (a) and (b) have their cor- 
respondence in the continuum and diagrams (c) 
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Figure 1. Penguin diagrams. 
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and (d) are pure lattice artifacts. However, dia- 
grams (c) and (d) play an essential role to keep 
the gauge invariance. Basically, the contribution 
from diagrams (c) and (d) can be re-expressed 
as a sum of diagrams (e) and (f) as shown in 
Fig. |21 The first key point is that the sum of dia- 
grams (a) and (e) generates bilinear operators in a 
gauge invariant form. The main key point is that 
the contributions from diagrams (b) and (f) ,as 
shown in Fig. 21 leads to four fermion operators 
of our interests in a gauge invariant form. 

The details of bilinear mixing (diagrams (a) 
and (e)) in Fig.^will be presented in [5] and here 
we skip them. Here we focus on the diagrams (b) 
and (f) and present the final result. The final 
result is 
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Figure 2. Diagram identity. 




where k = q 

Ic = y(-ln(4mV) 
+0(m 2 a 2 ) 



r i 2 
■Ss,hSf,i h^k) 

— p is strictly on shell. 
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IE + FqoooJ - 9.5147 
(2) 



I c is also given in [2]. The details of deriving 
Eq. JTJ will be presented in From Eq. JIJ we 
can derive the following theorem: 
Theorem 1 (Equivalence) 

At the one loop level, the diagonal mixing co- 
efficients of penguin diagrams are identical be- 
tween (a) the unimproved (naive) staggered op- 
erators constructed using the thin links and (b) 
the improved staggered operators constructed us- 
ing the fat links su ch as HYP (I), HYP (II), Fat7, 
Fatl+Lepage, and Fat7. 2 The details on the proof 
of this theorem will be given in 

2 Note that AsqTad is NOT included on the list. In this 
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Figure 3. Bilinear operator mixing. 
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Figure 4. Four-fermion operator mixing 



By construction, gluons carrying a momen- 
tum close to k ~ 7r/a are physical in staggered 
fermions and lead to taste changing interactions, 
which is a pure lattice artifact. In the case of 
unimproved staggered fermions, it is allowed to 
mix with wrong taste 1) and the mixing coef- 
ficient is substantial. In contrast, in the case of 
improved staggered fermions using fat links of our 
interest such as Fat 7, Fat 7 and HYP (II), the off- 
diagonal mixing with wrong taste vanishes and 
is absent. In the case of the improvement using 
HYP (I) and Fat7 + Lepage, the off-diagonal mix- 
ing with wrong taste is significantly suppressed. 
The details of this off-diagonal mixing will be 
given in 

In summary, the diagonal mixing occurs only 
when the original operator has the spin and taste 
structure of S = \i and F = 1 regardless of that of 



case, by construction the operators are made of the fat 
links which are not the same as those used in the action 
due to the Naik term. In addition, the choice of the fat 
links are open and not unique. 



the spectator bilinear. The diagonal mixing coef- 
ficient is identical between the unimproved stag- 
gered operators and the improved staggered op- 
erators constructed using fat links such as Fat 7, 
Fat7+Lepage, Fat7, HYP (I) and HYP (II). This 
is a direct consequence of the fact that the con- 
tribution from the improvement changes only the 
mixing with higher dimension operators and off- 
diagonal mixing, which are unphysical. 

The result of this paper, combined with that of 
P provides a complete set of one-loop matching 
formula. 
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